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SUPERSONIC AERODYNAMIC INTERFERENCE EFFECTS OF 
STORE SEPARATION, PART I: 

COMPUTATIONAL ANALYSIS OF C A V I T Y  FLOWFIELDS 

BY 

Oktay Baysal" 

1. INTRODUCTION AND BRIEF REVIEW OF EXISTING WORK 

The f i r s t  phase o f  t h e  i n v e s t i g a t i o n  i s  devoted t o  t h e  study o f  t h e  

c a v i t y  f l o w f i e l d s .  

r a t i o n a l  model o f  t h e  c a v i t y  f l o w f i e l d  t o  o b t a i n  s u f f i c i e n t l y  accurate ve- 

l o c i t y  and pressure f i e l d  determinat ion needed t o  p r e d i c t  s t o r e  mot ion w h i l e  

i n  the  r e g i o n  o f  i n f l u e n c e  o f  the  c a v i t y .  

It i s  aimed a t  developing a p r e d i c t i v e  method based on a 

The s i m u l a t i o n  e f f o r t s  are be ing conducted i n  two steps. The f i r s t  

step i s  the  s imu la t ion  o f  a two-dimensional c a v i t y ,  t h a t  i s ,  t h e  w id th  i s  

considered i n f i n i t e l y  long. Such an exerc ise i s  intended t o  be educat ional  

i n  understanding t h e  f l o w  behavior around t h e  lead ing  edge, t h e  f r o n t  face, 

t h e  c e i l i n g ,  and t h e  r e a r  face  o f  t h e  cav i ty ,  t h e  fo rmat ion  o f  t h e  snear 

layer ,  i t s  d e f l e c t i o n  and b r i d g i n g  c h a r a c t e r i s t i c ,  the  poss ib le  i n t e r a c t i o n s  

o f  t h e  shear layer ,  t h e  boundary l a y e r  and shock waves. Due t o  t n e  synmetry 

o f  t h e  f l o w f i e l d  w i t h  respect  t o  t h e  h-L-plane a t  w/2, two-dimensional 

s imu la t ions  represent  t h e  f l o w  a t  t h i s  p a r t i c u l a r  p lane where t h e  t h i r d  

dimension e f f e c t s  are e l i m i n a t e d  (F ig .  1). When s u f f i c i e n t  l e a r n i n g  

exper ience i s  achieved, and necessary confidence i n  t h e  p r e l i m i n a r y  two- 

dimensional code i s  acquired, t h e  f i n a l  s tep  o f  t h e  c a v i t y  f l o w f i e l d  study, 

t h a t  i s ,  t h e  three-dimensional c a v i t y ,  w i l l  be i n i t i a t e d .  

Supersonic c a v i t y  f lowf ie lds,  i n  the broadest sense, have been 

*Ass is tan t  Professor,  Department o f  Mechanical Engineer ing and Mechanics, 
Old Dominion U n i v e r s i t y ,  Nor fo lk ,  V i r g i n i a  23508. 



i n v e s t i g a t e d  exper imenta l l y  by S t a l l i n g s  e t  a l .  (Refs. 1 and 2) a t  NASA 

Langley Research Center. There e x i s t  empir ica l  formulae suggested b y  

e a r l i e r  r e p o r t s  (Refs. 3, 4, and 5 ) .  More recent  exper imental  s tud ies  have 

been conducted by bo th  U.S. A i r  Force and Soviet  researchers (Refs. 7 -9) .  

Sources o f  i n t e r e s t  o f  these s tud ies  var ied from s t o r e  separat ion t o  acous- 

t i c s  and heat t r a n s f e r .  

Flow Mach nunbers used vary  from 0.3 t o  6.0. Among t h e  measured 

q u a n t i t i e s  were shock wave p u l s a t i o n s  and heat t r a n s f e r  c o e f f i c i e n t .  

Varfolomeyev e t  a l .  (Ref. 9) observed the v o r t i c e s  mentioned aoove i n  t h e i r  

experiments. McGregor e t  a l .  (Ref. 6)  proposed a drag c o e f f i c i e n t  r e l a t i o n  

f o r  t h e  c a v i t y  and concluded t h a t  t h e  e f f e c t  o f  t h e  wind tunne l  was on t h e  

s t rength  o f  t h e  pressure waves b u t  no t  on t h e i r  pa t te rns .  Wind tunnel  e f -  

f e c t s  d imin ished w i t h  increases i n  f low Mach number. Sinha e t  a l . (Ref .  7 )  

concluded t h a t  t h e  f r e e  shear r e g i o n  showed s e l f - s i m i l a r i t y  and the  r e c i r c u -  

l a t i n g  f low had t h e  character  o f  a w a l l  j e t  i n  t h e  reverse  d i r e c t i o n  super- 

imposed on a forward moving f ree shear layer .  

a p p l i c a t i o n  of nuner ics and advanced computational resources, a n a l y t i c a l  

s imu la t ions  o f  t h e  c a v i t y  f l o w f i e l d s  s t a r t e d  appearing i n  t h e  l i t e r a t u r e  

(Refs. 10-16). 

t i o n s ,  such as, i n v i s c i d ,  laminar, incompressible, two-dimensional, or o n l y  

c e r t a i n  length- to -he igh t  r a t i o s ,  more complete s tud ies  are i n  t h e  develop- 

ment stage a t  present.  

With t h e  more e f f i c i e n t  

A1 though these e f f o r t s  are p r e s e n t l y  r e s t r i c t e d  by assump- 

2. DESCRIPTION OF PHYSICAL AND MATHEMATICAL MODELS 

Flow Development: 

With t h e  separat ion of t h e  s tore,  a c a v i t y  i s  created i n  t h e  oncoining 

2 



supersonic f low.  This  causes a s i g n i f i c a n t  increase i n  t h e  f lu id-dynamic,  

f lu id - resonant  drag, and generate f l u i d - e l a s t i c  o s c i l l a t i o n s .  The forward 

corners generate t h e  v e l o c i t y  and pressure f l u c t u a t i o n s  which are a m p l i f i e d  

dur ing  the  expansion and t h e  convection o f  t h e  f l o w  downstream. T ie  oncom- 

i n g  v iscous f l o w  w i l l  separate from the c a v i t y  forward edye, generat ing t h e  

h i g h l y  v o r t i c a l  shear l a y e r  around the t o p  and counter r o t a t i n g  eddies near 

t h e  bottom corners as a r e s u l t  of t h e  adjustment o f  t h e  shear and pressure 

fo rces  a c t i n g  on t h e  r e c i r c u l a t i n g  f l u i d  t o  t h e  n o - s l i p  c o n d i t i o n  imposed b y  

t h e  w a l l s .  Viscous fo rces  a c t i n g  near body sur faces can reduce t h e  momentun 

o f  t h e  f l u i d  i n  a t h i n  boundary l a y e r  reg ion,  so t h a t  when acted upon by 

i n e r t i a l  forces,  t h e  boundary l a y e r  separates f rom t h e  body. 

t h e  length- to-depth r a t i o  t h e  f l o w  f i e l d  i n s i d e  the  c a v i t y  v a r i e s  ( F i g .  2 ) .  

I n  deeper geometries, t h e  c a v i t y  may be br idged by t h e  shear l a y e r  which i s  

i n h e r e n t l y  unstable (open c a v i t y . )  In  shal lower  geometries, t h e  shear l a y e r  

i s  de f lec ted  inwards w i t h  a p o s s i b l e  reattachment p o i n t  a t  t h e  bottom of t n e  

c a v i t y  (c losed c a v i t y ) .  The resonant e f f e c t s  are associated w i t h  compressi- 

b i l i t y  o r  f r e e  sur face wave phenomena. 

e l a s t i c  mot ion coup l ing  w i t h  t h e  f l o w  o s c i l l a t i o n s .  

Depending on 

The s o l i d  boundary may engage i n  an 

.. 
Long i tud ina l  v o r t i c e s  (Tay lo r -Gor t le r  1 i k e  v o r t i c e s )  o r i g i n a t e  i n  t h e  

zone of separat ion between t h e  pr imary eddy and t h e  downstream secondary 

eddy, and are convected around the  c a v i t y .  Th is  separated shear l a y e r  i s  

con t inuous ly  p u l l e d  i n t o  and pushed out o f  t h e  c a v i t y .  When t h e  c a v i t y  

resonates t h e  shear l a y e r  i s  de f lec ted  and pumps mass ( c a r r y i n g  s i g n i f i c a n t  

momentun) i n t o  t h e  c a v i t y .  

d i s s i p a t i v e  processes w i t h i n  t h e  c a v i t y .  

pressure t o  exceed t h e  freestream pressure. 

f l e c t e d  out  o f  t h e  c a v i t y  by t h e  excess pressure and mass i s  pumped out  of  

Th is  ingested mass i s  slowed down b y  var ious  

I t s  presence causes t h e  c a v i t y  

The shear l a y e r  i s  then de- 

3 



t h e  c a v i t y  w i t h  low momentum. 

f reest ream momentum d u r i n g  t h e  cyc le .  The combination o f  pressure drag (due 

t o  t h e  c a v i t y  w a l l s )  and momentum drag (due t o  t h e  t r a n s i e n t  eddy cyc le )  can 

represent  a v i o l e n t  o s c i l l a t i n g  f o r c e  on t h e  body. Furthermore, t h i s  f low-  

f i e l d  becomes dominated by reg ions  o f  separated f l o w  w i t h i n  a mixed l o c a l l y  

subsonic and supersonic f low. 

This  o s c i l l a t o r y  process e x t r a c t s  a d d i t i o n a l  

The shal low c a v i t y  f l o w  poses an added complex i ty  t o  t h e  o v e r a l l  f l o w  

p i c t u r e  when t h e  shear l a y e r  i s  de f lec ted  enough t o  touch t h e  c e i l i n g  o f  t h e  

c a v i t y  (F ig .  3) .  The inward bound f l o w  i s  tu rned by a s e r i e s  o f  Mach waves 

which i n  t u r n  coalesce i n t o  a shock. An adverse pressure grad ien t  i s  gener- 

ated by such compression waves, which causes a secondary separat ion from t h e  

c e i l i n g  o f  the c a v i t y .  Due t o  t h e  o s c i l l a t o r y  behavior o f  the  f l o w f i e l d  t h e  

p o i n t s  o f  separat ion and reattachment are p e r i o d i c  i n  t ime. 

Mathematical Statement 

As i t  i s  ev ident  from t h e  resu  t s  o f  t h e  exper imental  s tud 

above, t h e  f low f i e l d  inc ludes  expansions, shocks, separat ions,  

t i o n s ,  and reattachments. The computational s i m u l a t i o n  o f  t h i s  

es mentioned 

r e c i  r c u l  a- 

f luid-dynam- 

i c a l l y  r a t h e r  complex f l o w  f i e l d  requ i res  t h e  i n c l u s i o n  o f  v iscous terms, 

model l i n g  of turbulence, r e g i o n a l l y  c lus te red  gr idd ing ,  and a shock t r e a t -  

ment mechanism. F u l l y  conservat ive Navier-Stokes equat ions are w r i t t e n  i n  

g e n e r a l i z e d - c u r v i l i n e a r  coord inates t o  enhance t h e  f l o w  adaptiveness. The 

s t r u c t u r e  of t h e  turbulence i s  modelled by t h e  m o d i f i e d  k-E model ( r e f .  

f o r  r e c i r c u l a t i n g  f lows. 

c i t y  t e s t  and t r e a t e d  by t h e  a r t i f i c i a l  d i s s i p a t i v e  terms. 

3) 

Shocks are captured us ing the  divergence o f  velo- 

The boundary cond i t ions  imposed at  t h e  s o l i d  w a l l s  are the  convent ional  

4 



impermeab i l i t y  and n o - s l i p  cond i t ions .  The w a l l  temperature i s  assuned t o  

be t h e  s tagnat ion  temperature (ad iabat ic  w a l l ) .  The pressure grad ien t  nor-  

mal t o  t h e  sur face i s  assumed t o  be zero, however, t n e  g r a d i e n t  p a r a l l e l  t o  

the  sur face  i s  computed from the  momentum equat ion.  

boundar ies are computed from t h e  computation zone values by f i r s t - d e g r e e  

e x t r a p o l  a t i o n  ( e x t r a p o l  a t i o n  o f  proper ty  g rad ien ts ) .  

i s  e i t h e r  assumed t o  have p r o p e r t y  p r o f i l e s  computed by a boundary l a y e r  

code, or assumed t o  be a t  f r e e  stream condi t ions,  thence, a lead ing  edge 

shock. To i n i t i a l i z e  t h e  computation, t h e  v a r i a b l e s  a l l  over  t h e  computa- 

t i o n  zone are given the  values o f  t h e  upstream boundary ( t o  save computation 

t ime) ,  w i t h  t h e  except ion of t h e  p o i n t s  i n s i d e  t h e  c a v i t y ,  where t h e  f l o w  i s  

assumed stagnant i n i t i a l l y .  

Downstream and ou ter  

The upstream boundary 

General form o f  t h e  f l u i d  f l o w  equations: 

P e r f e c t  Gas Law: 

p = PRT = (Y - 1) (E - 1 p 0’) 
2 



where 

9 
k = p p  , q = - k ( V T ) ,  ( 5 )  

Newtonian F l u i d  S t ress-St ra in  Relat ions:  

The governing f l u i d  mot ion equat ions are der ived  f e a t u r i n g  t h e  f o l l o w i n g :  

- s t rong conservat ion form 

- 
- k-e turbu lence modeling o r  two- layer a lgebra ic  tu rbu lence model 

- two-dimensional 

- 

transformed i n t o  general i zed curv i  1 i near coord ina te  system ( 5  ,n) 

a r t i f i c i a l  d i s s i p a t i v e  terms propor t iona l  t o  t h e  second g r a d i e n t  

of pressure and temperature, and c o n t r o l l e d  w i t h  b lending constants  

- molecular  v i s c o s i t y  from Sutherland law 

au, aF, a G 1  

a t  ag a n  
+,+-=H 

where 

6 



and 

U =  

P E  

9 

r : 2  + p - ‘c xx 

F = u(E + p - T ~ ~ )  I puv 

a u  av 2 

ax aY 3 
p k  

T x x  - - (zp + A )  - + x - - - 

a u  av 

XY ay ax 
T = p  (-+-) 

av  au z 
a Y  ax 3 

T = ( 2 v + x ) - + x - - -  P k  YY 

- aT - aT 

’ qy -KG 
qx - K -  

ax  

x y  -4, 1 - V T  

J 



u = u m + u t  , K = K  + K t  m 

The Jacobian and t h e  m e t r i c s  are w r i t t e n  as f o l l o w s  and obta ined 

n u n e r i c a l l y  from t h e  g r i d  generated f o r  each node: 

8 



Turbulence Models: 

Since the k - E turbulence model i s  devised for high Reynolds nunber 

number flows, a wall function (Ref. 19) i s  adopted and used for the very low 

Reynolds numbers regions near the walls ( F i g .  4 ) .  

th is  wall function may be summed u p  as follows: 

The procedure of using 

1. velocity profile from previous time step, u=f(y), v=f(y) 

K 2 .  k(y) = 

3 .  , Rev I 20 

* * 
4. T W  = K p U w + l  JkyI [ I n  E Re V ] , E = eKlRev / Rev 

a u  av 
T w+2 = IJ (-- + -4 

. ay ax  w+2 
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5. Assme l i n e a r  v a r i a t i o n  o f  T, i .e .  

- T  w+2 w T 

(Yw+1 - Yw) = T  + 
w+l w T 

yw+2 - yw 

(-- +-I 
ay ax W+I 

312 

Assume w i t h i n  the  v iscous sublayer: 

2 
) y , near t h e  w a l l  u ’  = a ( t )  y ~ = (a2 + b2 

v ’  = b ( t )  y 2 

The der ived equat ions above are subject  t o  t h e  f o l l o w i n g  i n i t i a l  and 

boundary cond i t ions :  

i n i  t i a1 cond i t ions :  

- a g iven boundary l a y e r  p r o f i l e ,  f = f ( y )  

w i t h  ‘ t (y  > a) = uoD 1 

10 



- p = p w ,  P = P ,  

-* - Compute E and T p r o f i l e s  from V(y) 

R 1 
Y -1 2 

E = p [ - T + -  t'] 

Dk 
- k, E :  

W 2 de 

dx 
Uw - + 2 f, E,/krn 

where 

f2 = 1 - 0.3 e x p [ - ~ k ~ / w ) ~ ]  

upstream boundary: 

same as i n i t i a l  c o n d i t i o n s  

s o l  i d  w a l l  : 
+ 

= 0 no-s l ip ,  impermeable 
"W 

( X )  I O  a d i a b a t i c  wal l ,  where rl i s  t h e  normal 
an w a l l  d i r e c t i o n  t o  t h e  w a l l  

11 



p W  
Compute 

E W = k w = O  

downstream and outer  boundary: 

- f i r s t  degree e x t r a p o l a t i o n  from the  computation zone, i . e .  

g rad ien t  o f  a p r i m i t i v e  v a r i a b l e  a t  t h e  boundary i s  equal t o  t h e  

grad ien t  o f  t h a t  v a r i a b l e  a t  the neighbor ing i n t e r n a l  p o i n t .  

I n  view o f  t he  upcoming th ree  dimensional s imu la t ions ,  where computer 

storage and CPU t ime may become l i m i t i n g  cons t ra in t s ,  a two- layer a lgebra ic  

tu rbu lence  model o f  Baldwin and Lomax (Ref. 20) i s  a l so  b u i l t  i n  as an 

opt ion.  When t h i s  o p t i o n  i s  turned on t h e  k-tz equations are 'blanked 

o u t ' .  

Turbulence of t h e  wa l l  shear f l o w  i s  ca l  ed t h e  i nne r  turbulence, and 

i t  i s  modeled using t h e  Prandt l  m ix ing  l eng th  theo ry  w i t h  the  improvement of 

t h e  Van D r i e s t  fo rmula t ion .  

i nne r  eddy v i s c o s i t y  c o e f f i c i e n t  i s  ca l cu la ted  as 

Using t h e  nomenc a t u r e  o f  Baldwin and Lomax, 

where 

2 
= pL I w  ( u t )  i nne r  

a. z 0 . 4 ~  [l - exp -//26) 3 

12 



and + 2 
Y = (Pw TW) YlV, 

where y i s  the  l o c a l  normal d is tance from a s o l i d  surface. 

Turbulence o f  t h e  o u t e r  reg ion  i s  based on t h e  Clauser f o r m u l a t i o n  

using t h e  Klebanof f  approximation t o  the Gaussian e r r o r  f u n c t i o n  t h a t  g ives  

t h e  i n t e r m i t t e n c y  fac to r .  The o u t e r  eddy v i s c o s i t y  c o e f i c i e n t  i s  c a l c u l a t e d  

as 

the  Klebanoff i n t e r m i t t e n c y  f a c t o r ,  i s  g iven b y  
k l  eb’ where t h e  value o f  F 

F k l  eb = [l + 5.5 (0.3 Y/Y,,,=)~]-’ 

and 

where F ( y )  i s  maximum, Fmax, a t y = Y  . F i s  t h e  minimum o f  

(‘inax Fmax) 

max wake 

o r  (0.25 Ymax U%if/Fma,), where 

a t  a f i x e d  t a n g e n t i a l  l o c a t i o n .  

made from to ( ’ t) inner, i s  t h e  minimwn value o f  y where 

i s  t h e  minimwn value of y where (utlouter (11 t) o u t e r  to ( u t ’ i n n e r ’  

becomes l e s s  than 

The crossover p o i n t ,  where t h e  swi tch i s  

13 



3 .  COMPUTATIONAL METHODS 

Expl i c i t - I m p 1  i c i t  MacCormack Scheme: (EMAC) : 

Since t h e  mainstream f l o w  i s  supersonic, t h e  s e t  o f  p a r t i a l  

d i f f e r e n t i a l  equat ions ( 7 )  are predominantly hyperbo l i c .  Therefore, t h e  

expl  i c i t - i m p 1  i c i t  scheme o f  NacCormack (Ref.  Zl), which i s  developed f o r  

hyperbo l i c  equations, i s  one o f  t h e  methods adopted. 

o rder  accurate bo th  i n  t ime and space which i s  achieved through us ing  

p r e d i c t o r  and c o r r e c t o r  steps. Each step i s  cons is ted  o f  an e x p l i c i t  

substep and an i m p l i c i t  step. 

reduce t r i d i a g o n a l  f l u x  Jacobian matr ices t o  b id iagona l  mat r ices  and apply  

d i r e c t  s o l u t i o n ,  ( 2 )  when t ime s tep  A t  meets t h e  s t a b i l i t y  c r i t e r i o n  

(CFL), t h e  i m p l i c i t  substeps which requ i re  most o f  the  computation t i ine dre  

The method i s  second- 

The reasons f o r  t h i s  substepping are: (1) 

a u t o m a t i c a l l y  bypassed, thence an e x p l i c i t  scheme. 

I A ^ 1  and 1g1 are mat r ices  w i t h  p o s i t i v e  eigenvalues, r e l a t e d  t o  t h e  

Jacobians 
A 

A = ( a?/aG) and = aG/aG) . 
( A  /AE) and (A /Aq) a r e  one-sided forward d i f f e r e n c e s .  

(A-/AE) and (A-/AT-I) a r e  one-sided backward d i f f e r e n c e s .  

+ + 

The Jacobians A and B are r e l a t e d  t o  t h e  Jacobian A = aF/aU and 

B = a G / a U  b y  

h 

A = ASx + Bey 
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~ 1. E x p l i c i t  P r e d i c t o r  Step: 

a t  every p o i n t  i n s i d e  
"J t h e  c a l c u l a t i o n  

domai n 
( 3 3 )  

" 1 
+ n  A n -  A t  A Fij 

A "i j  - 
+ 

A l l  

e n  where A U ~ ~  = {u  

2 .  Imp1 i c i t  P r e d i c t o r  Step: 

n+ l  f o r  6 Uij 

Th is  i s  done i n  two steps. 

Le t  I I 

Th is  r e s u l t s  i n  two equations, namely, 

a) [ I - A t  6Uij - - 

15 



The above two equat ions can be solved by s p l i t t i n g  I A ^ I  t o  

S D S -1 as, 
S A C  

I -  

Now t h i s  

I -  

1 + { A t  

A t  [ A:Eliln] 6Uij A * = AUij n. 

equat ion may be s i m p l i f i e d  by algebr,aic man ipu la t ion  as, 

( 3 9 )  

-1 ^ *  
{ I  + A t  Stij DAij SEij} 6Uij 

l 
^ n  a a *  

= Au i j  + A t  lAli+l,j 6Ui+l,j . 

- n  A A *  

L e t  w = AUij + A t  lAli+l,j 6Ui+l,j, then  

a *  

6Uij = ( I + A t D A ) - 1 . Z c 1  W 

16 



This  equat ion can be e a s i l y  solved s i n c e  S g  and S g - l  are known and 

t h e  i n v e r s i o n  o f  the  diagonal m a t r i x  (I+AtDA) i s  r o u t i n e .  A f t e r  a l l  &Iij 

i n s i d e  t h e  computation domain are determined t h e  s tep ( b )  i s  c a r r i e d  out  i n  

* 

t h e  same manner. Corrector  steps are analogous t o  p r e d i c t o r  steps. 

The d e t a i l s  of methodology are  included i n  Appendix. 

L i n e  Gauss-Seidel Upwind Re1 axat ion  Scheme (ULGSR) : 

I n  t h e  MacCormack scheme explained above, d i s s i p a t i v e  terms are added 

f o r  n u n e r i c a l  s t a b l i t y .  Often t h e  opt imal de termina t ion  o f  these terms i s  

no t  s t r a i g h t f o r w a r d .  Furthermore, such terms cause the  "smearing" o f  t h e  

s o l u t i o n  a t  la rge-grad ien t  zones and may cause drainage of t h e  conserved 

p r o p e r t i e s .  

Recent ly,  t h e r e  has been considerable progress i n  t n e  development of 

upwind methods, which recognize t h e  hyperbol ic  nature o f  t h e  time-dependent 

i n v i s c i d  equat ions i n  t h e  cons t ruc t ion  o f  n a t u r a l l y  d i s s i p a t i v e  schemes. 

The improvement i n  phys ica l  t reatment comes g e n e r a l l y  a t  t h e  expense o f  

increased computat ional  work i n  comparison t o  c e n t r a l  d i f f e r e n c e  approxima- 

t i o n s .  

wind d i s c r e t i z a t i o n  are being developed. 

o f  c o e f f i c i e n t  matr ices a r i s i n g  from such d i s c r e t i z a t i o n s  a l low e f f i c i e n t  

r e l a x a t i o n  procedures t o  be developed which can increase t h e  o v e r a l l  

convergence ra te ,  and thus o f f s e t  t h e  increased computat ional  work per t i m e  

s tep  (Refs. 22 and 23). 

However, improved a lgor i thms t a i l o r e d  t o  t h e  p r o p e r t i e s  o f  t h e  up- 

The d i a g o n a l l y  dominant p r o p e r t i e s  

An e f f i c i e n t  r e l a x a t i o n  a lgor i thm f o r  t h e  Navier-Stokes equat ions i s  

obtained by us ing upwind d i f f e r e n c i n g  f o r  t h e  convect ive and pressure terms 

and c e n t r a l  d i f f e r e n c i n g  f o r  t h e  viscous shear and heat  f l u x  terms. The 

17 



upwind d i f f e r e n c i n g  i n  t h e  present work i s  implemented us ing  t h e  f l u x  s p l i t -  

t i n g  method developed by  Van Leer i nc lud ing  t h i r d - o r d e r  accurate spac ia l  

d i f f e r e n c i n g ,  al thougn t h e  techniques described cou ld  be app l i ed  t o  m o s t  

upwind d i f f e rence  methods. 

Rewr i t i ng  Eq. 7 w i t h  s l i g h t l y  d i f f e r e n t  nomenclature i s  convenient a t  

t h i s  p o i n t .  

= Q'J 

6 = (nxG + CyH)/J 

H = (cxG + cyH)/J 
A 

(44 )  

where n i s  the coord ina te  along t h e  body and 5 i s  t h e  coord ina te  normal 

t o  t h e  body. 

The viscous terms on t h e  r ight-hand s i d e  are g iven by 

S =  

18 



T = d11 u + ryu5 + 11 v + 5, v5)  XY Y 1 1  X 1 1  

An i m p l i c i t ,  upwind, f i n i t e - v o l u m e  scheme descr ibed i n  Refs. 22 and 23 i s  

used t o  so lve  (1). 

system o f  equat ions t o  be solved i n  two sweeps: 

A p p l i c a t i o n  o f  approximate f a c t o r i z a t i o n  a l lows t h e  

I + a -A+ + a +A- 

- Re-’ a n J - l N ] A {  = -RHS 
[--E- 11 n 

I + + [- + a; B + ar B- * 
AQ 
JAt 

-1 -1 JA t 
- Re arJ M]AQ = - 

- +  + - - +  + -  
R H S = a  G + a  G + a r H  + a r H  

11 11 

- Re-l{a 11 [ J- l (nxR + nyS)] 

(49) 
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The (+) and ( - 1  s u p e r s c r i p t s  i n d i c a t e  f l u x  s p l i t  q u a n t i t i e s ,  ac- 

cord ing t o  t h e  f l u x  vector  s p l i t t i n g s  o f  Van Leer. 

t i o n s  o f  t h e  G and H f luxes,  and M and N a r i s e  from t h e  l i n e a r i z a t i o n s  o f  

A and B are l i n e a r i z a -  

r e c t i o n ,  r e s p e c t i v e l y .  A l l  

i c i t cross-der i v a t  i ve terms 

viscous terms i n  the  5 - d i r e c t i o n  and TI - d 

v iscous terms are c e n t r a l l y  di f ferenced, and imp 

are neglected i n  t h e  formulat ion.  

A comparative study of these two schemes i s  t o  be repor ted  i n  Ref. 24. 

4. RESULTS AND DISCUSSION 

Two Navier-Stokes codes are developed as t h e  t o o l s  o f  analys is .  

Both codes are second order  accurate i n  t i m e  and i n  space. 

e x p l i c i t  and t ime u n s p l i t  MacCormack scheme, which proves i t s  use f rom 

s t r a i g h t f o r w a r d  v e c t o r i z a t i o n  p o i n t  o f  view (Ref. 21). 

c i t  f u l l y - u p w i n d  1 ine-Gauss-Seidel r e l a x a t i o n  scheme t h a t  necess i ta tes f l u x -  

v e c t o r  s p l i t t i n g  (Ref. 22). 

scheme may be more computer-time e f f i c i e n t .  

i z a t i o n  compl icat ions due t o  recursiveness, t h e  i m p l i c i t  scheme i s  much 

f a s t e r  converging f o r  steady f lows, thence o f t e n  pre fer red .  

Code A i s  t h e  

Code B i s  an i m p l i -  

For a c lass o f  unsteady f lows, t h e  e x p l i c i t  

However, desp i te  i t s  para1 l e l -  

I n  an at tempt t o  demonstrate t h e  i n t e g r i t y  o f  these schemes for  var ious  

f l o w  dynamics phenomena and perform comparisons, a v a r i e t y  o f  high-Reynolds- 

number f low cases are analyzed. These i n c l u d e  f l o w  over a f l a t  over a f l a t  

p l a t e  w i t h  a lead ing  edge (F ig .  5), f l o w  over a sharp concave corner ( F i g .  

6) ,  and f l o w  over a rearward f a c i n g  step (F ig .  7 ) .  Among t h e  phenomena 

observed through s imu la t ion  are, i n i t i a t i o n  and growth o f  a boundary l a y e r ,  

shock-boundary layer ,  shock-boundary layer  i n t e r a c t i o n ,  expansion around a 

ninety-degree corner and separation, and detached shock. 

The f l o w  s imu la t ions  are performed us ing  CDC VPS-32 vec tor  processor 
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which has a virtual memory architecture. 

short stops which does not use vector registers. 

instruction-multiple-data) processing, the user has t o  do  the memory manage- 

ment and prescribe the required resources, such as, the working  set  sizes,  

t o  the operating system. 

adjacent, therefore, vector lengths larger than  a page (64K-words) are 

avoided. Thirty-two b i t  (half-precision) arithmetic o p t i o n  and very e f f i -  

cient scatter-gather operations are available, therefore, they are widely 

used i n  th is  code development. 

breakeven length are retained i n  scalar DO loops. The array indeces are 

arranged i n  decreasing lengths and the nested DO loops c o n t a i n i n g  these 

indeces are ordered likewise, so t h a t ,  the innermost loop corresponds t o  the 

longest dimension. Avoidable uses of vector logical u n i t  are eliminated. 

T h i s  memory-to-memory machine has 

For t h i s  SIMD (single- 

Page memories used by the code are not necessarily 

The vectors shorter in length than  the 

The implicit scheme poses the recurrence problem from parallelization 

standpoint. Most of the operations of the inversion, however, occurs in the 

LU decomposition for four by fou r  block l ine  inversions, and they can be 

computed simultaneously for a l l  the lines before beginning the relaxation 

sweeps. The Gauss-Seidel l ine inversions constitute less t h a n  t h i r t y  per- 

cent of total  computations as indicated by the histograms (approximately 23% 

i n  turbulent and 26% in laminar calculations). Therefore, a further im- 

provement in computation times would have been achieved by employing a par- 

a l le l  a lgo r i thm.  The scalar computational time on VPS-32 for the above 

a1 gori t h m  i s  approximately 800 microseconds per gri dpoi  n t  per time step. 

This vectorized upwind scheme achieves a speed up  t o  approximately 17 micro- 

seconds per gridpoint per time step for laninar Navier Stokes calculations 

and 21 microseconds for turbulent Navier Stokes calculations. Another 21% 

time reduction can be obtained i f  thin-layer Navier Stokes equations are 
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used. The s c a l e r  computation t ime fo r  t h e  MacCormack code, 240 inicroseconds 

per g r i d  p o i n t  per t ime step, i s  reduced t o  40 microseconds through v e c t o r i -  

zat ion.  B e t t e r  speed-ups are poss ib le  f o r  l a r g e r  mesh s izes.  

Fur ther  d iscuss ion on computational methodology comparisons are d i  s -  

cussed i n  Ref. 24. This  re fe rence also inc ludes  analyses and s imu la t ions  

f o r  f l o w  over an a i r f o i l  and f l o w  over an ogive-nosed c y l i n d e r  a t  angles o f  

a t t a c k .  

t i o n ,  there fore ,  no t  inc luded i n  t h i s  r e p o r t .  

Such cases are o f  i n t e r e s t  t o  t h e  second p a r t  o f  t h i s  i n v e s t i g a -  

Two-dimensional s imu la t ions  o f  c a v i t y  f l o w f i e l d s  are demonstrated i n  

F igures 8 through 25. 

dimension e f f e c t s  o f  t h e  s i d e  w a l l s .  The b o x - c a v i t y  f l o w f i e l d  i s  symmetri- 

c a l  w i t h  respect  t o  i t s  centerplane which i s  a t  z = w id th /z  ( F i g .  1). Two- 

dimensional  s imu la t ions  r e f l e c t  t n e  f l o w f i e l d  a t  t h i s  p lane o f  symmetry. 

Example cases inc luded are two open c a v i t i e s  ( length- to -depth  r a t i o s  are 3 

and 6), a t r a n s i t i o n a l  c a v i t y  ( length- to-depth r a t i o  i s  12), and two c losed 

c a v i t i e s  ( length- to-depth r a t i o s  are 16 and 24). 

these cases are 11 through 13, 14 through 16, 17 through 19, 20 through 22, 

and 23 through 25, r e s p e c t i v e l y .  

p r o p e r t y  values a t  0.1 seconds a f t e r  the computations are  i n t i a t e d .  These 

r e s u l t s  are a lso  repor ted  i n  References 16 through 18, which are authored o r  

co-authored b y  t h e  p r i n c i p a l  i n v e s t i g a t o r  o f  t h i s  research. 

These r e s u l t s  c e r t a i n l y  do n o t  r e f l e c t  t h e  t h i r d -  

F igures corresponding t o  

A l l  o f  these f i g u r e s  d i s p l a y  t h e  f i n a l  

5. CONCLUDING REMARKS 

An expl  i c i t - i m p 1  i c i t  and an i m p l i c i t  two-dimensional Navier-Stokes 

code along w i t h  var ious  g r i d  generat ion c a p a b i l i t i e s  a re  developed. 

s e r i e s  o f  c l a s s i c a l  benchmark cases are s imulated us ing these codes. 

A 

22 



References 16, 17, 18, and 24. Current f o l l ow-up  e f f o r t s  may be sunmed up 

as; develop ing e x p l i c i t  as we l l  as i m p l i c i t  t h r e e  dimensional codes, th ree-  

dimensional c a v i t y  f l o w f i e l d  s tud ies  and s imu la t ions ,  two-dimensional and 

three-dimensional s t o r e  f l o w f i e l d  s tud ies and s imu la t ions .  

i 
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F igu re  1. Det .a i l s  o f  f l a t  p l a t e  wing me t r i c -box -cav i t y  from Ref. 2. 

26 



/ / /  / / 

' ' I ,  

Figure 2. Hypothetical structure of flowfield variation due t o  dep th - to -  

length rat io:  ( a )  Closed or shallow cavity, ( b )  open or deep 

cavity. 
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iritYihon of shear layer 
ana sspara+ion 

Figure 3. Hypothetical details1 of flowfield structure at cavity corners and 
c a w  ty f 1 oor. 
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Figure 4. Near-wail region for low-Reynolds-number k-e calculations or wall 
functions. 
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F igu re  5. cont inued 
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I . .  

F igure  5. Supersonic f l o w  over a f l a t  p l a t e  w i t h  a lead ing  edge: ( a )  
convergence comparison o f  EMAC and ULGSR codes, (b-d) sample 
r e s u l t s  by ULGSR code, ( e - i )  sample r e s u l t s  by EMAC code. 
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Figure 6 .  Supersonic f low over a lO"-Cornpression Corner: ( a - i )  ULGSR code, 
( j - k )  EMAC code. 
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Figure  7. Supersonic f low over a rearward-facing step: (a-c) ULGSR code, 
(d-e) EMAC code. 
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ORlGlNAL PACE i3 
OF POOR QUALlTY 

F i g u r e  8. Sample g r i d  meshes f o r  c a v i t y  f l o w f i e l d  c a l c u l a t i o n s :  ( a - b )  body- 
f i t t e d  meshes, (c-d)  patched rec tangu l  a r  meshes. 

34 



ORIG!NAL P;*GE ES 
OF POOR QUALITY 

CAVITY FLOW FIELDS 
OPEN CAVITY FLOW 

I 
LID =11.2 

L/D=8.0 

! 

L/D = 2.0 

Figure 9. Continued 
- 
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CAVITY FLOW FlELDS 
CLOSED CAVITY FLOW 

LID = 24.0 

U D  = 1 6.0 

UD=11.6 

F igure  9. Schl ieren photographs of c a v i t y  f l o w f i e l d s  from Ref. 2: (a )  Open 
c a v i t y  examples, (D) c losed c a v i t y  examples. 
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Figure  11. Supersonic f l o w  over L/D = 3.0 cav i ty :  Pressure c o e f f i c i e n t  

d i s t r i b u t i o n  at, (a)  f r o n t  f l a t  p la te ,  SF 1, (b )  forward face, 
S F, ( c )  c e i l i n g ,  Sc, ( d )  rearward face, !,,, (e)  r e a r  f l a t  
p fa te ,  SFp2, ( f )  s k i n  f r i c t i o n  c o e f f i c i e n t ,  ( 9 )  displacement 
th ickness,  (h )  momemtun th ickness d i s t r i b u t i o n s .  
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SrRERMLINE CONTOURS MIN VALUE= -.109(1 tIFIX= 1 *6'451 
CAVITY FLOU.H/O=3.0. RE-2.OE6 

1 1 O X  I D 0  GRID M = 1.500 
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Figure 12. Supersonic flow over L/D = 3.0 cavity: ( a )  streamline contours, 
(b) velocity vectors of entire flowfield, (c) blow u p  of corner 
flows. 

40 



STFIT PRESS C O N T D U R S  MIN VFICUE= .308q mX= 1.8617 
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(a )  
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(c 1 1 l O X  100 G R I D  M = 1.500 

Figure 13. Supersonic f l o w  over L / D  = 3.0 cavity: ( a )  Pressure contours, 
( b )  density contours, ( c )  Mach nunber contours. 
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Figure 14. Supersonic. f l o w  over L / D  = 6.0 c a v i t y .  
d i s t r i b u t i o n  over; (a )  f r o n t  f l a t  p l a t e  (SFp ) ,  ( b )  forward face 
( S  ) ,  ( c )  c e i l i n g  ( S  ), ( d )  rearward-face ( 5  
f15F p l a t e  (sFp2). (See Fig. 10 f o r  cornparis&). 

Pressure c o e f f i c i e n t  

),  and ( e )  r e a r  
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Figure 15. continued 
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Figure 15. continued 
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Figure 15. Supersonic flow over L/D = 6.0 cavity: ( a )  streamline contours, 
( b )  velocity vectors, (c-e) blow ups, of corner flows. 
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F i g u r e  16. continued 

STFIT PRESS CONTOURS 
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@ 110 X 100 G R I D  M = 1 .SO0 

Figure 16. Supersonic f l o w  over L/D = 6.0 cav i ty :  ( a )  Mach number contours ,  
( b )  Pressure contours,  (c )  Density contours ,  and ( d )  t o t a l  
pressure loss contours.  
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Figure 17. Supersonic flow over L/O = 12.0 cavity: (a) pressure coefficient 

distribution on front flat p l a t e  (SFpl ) ,  forward face (S F ) ,  
ceiling (S ), rearward face (SRF), rear flat plate (SF,,,!, 
respectivefy (see Fig. 10 for comparison). 

I distribution over entire wall, (b) s k i n  friction coefficient 
I distribution over entire wall, (c-g) pressure coefficient 
, 
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Figure  18. cont inued 
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F igu re  18. Supersonic f l o w  over L/D = 12.0 c a v i t y ;  (a )  v e l o c i t y  vec to rs  a t  
an e a r l i e r  s tage o f  flow development, (b-c)  s t reaml ines  and 
v e l o c i t y  vec to rs  of  developed f l o w f i e l d ,  (d-e) Blow ups o f  
corner  f lows. 
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Figure 19. Supersonic f l o w  over L/D 
(b) dens i ty  contours,  ( c  

- 
= 12.0 cavi ty:  ( a )  pressure contours ,  
Mach nunber contours.  

52 



-1.5 :4 
c, -.5 t 

1.5L 1-1 
-1.2 -.? -.2 .2 .7 1.2 

x/l 
1 I 

$1 .011 

.M 

0 

-.wl I I I I I I I I I I 
-1.17 -a -.m - 4 7  -.a o .a ,147 .m .33 1.17 

X/D 

(c 

3s IO' IL 
m -  

a- 

zo- 

15 - 
LL u 

IO - 

5- 

0 -  

!:i I- .O1 

0 

-.01 

Figure  20. Supersonic f l o w  over L/D = 16.0 c a v i t y :  (a )  pressure 
c o e f f i c i e n t ,  ( b )  s k i n  f r i c t i o n  c o e f f i c i e n t ,  ( c )  displacement 
th ickness, ( d )  momentun thickness, d i s t r i b u t i o n s .  
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Figure 21. continued 
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Figure 21. Supersonic flow over L/D = 16.0 cavity: ( a )  streamline contours ,  - 
( b )  velocity vectors o f  colnplete flowfield, (c-d) Blow ups  of 
corner f 1 ows. 
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90 X70 GRID H = 1 . 9 0  

Figure 22. Supersonic f l o w  over L/D = 16.0 cavity: ( a )  pressure contours, 
( b )  density contours, ( c )  Mach nunber contours. 
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Figure 23. Supersonic flow over L/D = 24.0 cavity: (a) pressure coefficient 
distribution over entire wall, [b) skin friction coefficient 
distribution over entire wall, (c-g) pressure coefficient 
distribution on front flat plate (SFpl), forward face ( S g ~ ) ,  
ceiling (S ) ,  rearward face (SRF), rear flat plate (SFp2 , 
respectiveCy. (See Fig. 10 for comparison). 
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Figure 24. continued 
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Figure 25. Supersonic f l o w  over L / D  = 24.0 cav i ty :  pressure contours ,  ( b )  
dens i ty  contours ,  ( c )  Mach nunber contours .  
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A =  

where 

APPEND I X 
DETAILS OF MACCORMACK SCHEME ADAPTATION 

- 
0 5 

- (B-1) 5 ,  u 

Y 

5 u - BS, v 
Y 

- u US + E x  B a 

V U ~ + ~ ~ B ~  - B S  U + E X V  US - (B-1) SYV 

A41 2 A4 3 - 

- 
B U V +  [- a2 + a] tY 

B 5 A43 - - 

1 
2 

a = - (u2 + v 2 )  

t B = (y-1) 
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and U a re  c o n t r a v a r i a n t  v e l o c i t i e s  
uE n 

u = urlx + v,, 
11 Y 

Jacobian m a t r i x  B i s  obtained s i m i l a r l y  as f o l l o w s :  

A 

B =  

0 rl 
X 

n 
Y 

- u Url + nX B a U,, - (8-1) vxu. 

‘ 1 Y  Y n Y 

rl u -BqXv 
Y 

V U  + r l  B a .  - B o  U + Q X V  U - ( B - l )  v 

6 4  3 

i f i e d  by diagona 

0 

@“X 

Bn 
Y 

( B + l )  U 

i s i n g  A and 6. 
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Once t h e  eigenvalues of Â  and 6 are known, i t  i s  poss ib le  t o  express ^A 
and i n  t h e  form 

where A A  and A B  are diagonal  matr ices c o n s i s t i n g  o f  t h e  eigenvalues o f  

r e s p e c t i v e l y .  The vec tors  SIE ‘B,l’ * * *  ‘B,4’ and E, ‘A,l ’ ‘ A A , 4  
and 5 are  cons t ruc ted  us ing  t h e  eigenvalues o f  

as columns. 
rl 

where 

n 

- 
1 

U 

V 

a 

- 

P - 
a J 2  

C 1  

1 2  2 

and g, r e s p e c t i v e l y ,  

P - 
a .fl 

c 

a c1 B 

-1 -1 -1 
Sg = T Me 
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where M = 0 

a P U  PV 1/B 

5-1 = 
E 

I -usy + - Ex 

P C l  PC 1 I Pcl 

I T  - u p 1  5 ,  - Bu cy Bv 

CI 's -1 = 
n 

I 

0 

0 0 

0 - Us + a c l  
UE 0 

0 0 us - acl.( 

B u/ a2 8v/a2 

BU -[, "X "11 
P- 
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I\ 

s =  n 

A =  
0 

0 

n U 0 0 O 1  
0 UQ 0 0 

0 U + acl 0 0 
0 0 0 

Q 
U -acl 

rl 

'P 
'JZ 

The matr ices  I A ^ I  and l g l  a re  formed by replacing the matr ices  A and 

A 
A 

and D such t h a t  
OA B 

by pos i t i ve ly  valued diagonal matrices B 

where 
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The expressions f o r  DA and OB asswne t h a t  viscous e f f e c t s  are modeled i n  

t h e  i m p l i c i t  p a r t  o f  t he  scheme by the add i t i on  o f  t h e  terms 

inc lude v i s c o s i t y  through the c o e f f i c i e n t .  

AA,  A B  which 

u. 
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